This work studies wave propagation in the most general scalar-tensor theories, particularly focusing on the causal structure realized in these theories and also the shock formation process induced by nonlinear effects. For these studies we use the Horndeski theory and its generalization to the two scalar field case. We show that propagation speeds of gravitational wave and scalar field wave in these theories may differ from the light speed depending on background field configuration, and find that a Killing horizon becomes a boundary of causal domain if the scalar fields share the symmetry of the background spacetime. About the shock formation, we focus on transport of discontinuity in second derivatives of the metric and scalar field in the shift-symmetric Horndeski theory. We find that amplitude of the discontinuity generically diverges within finite time, which corresponds to shock formation. It turns out that the canonical scalar field and the scalar DBI model, among other theories described by the Horndeski theory, are free from such shock formation even when the background geometry and scalar field configuration are nontrivial. We also observe that gravitational wave is protected against shock formation when the background has some symmetries at least. This fact may indicate that the gravitational wave in this theory is more well-behaved compared to the scalar field, which typically suffers from shock formation.
Theories of gravitation modified by scalar degrees of freedom have a long history of study, and nowadays such theories are utilized in various research fields including gravitational physics and cosmology. Just to list some of the applications, inflation describing our universe in the earliest era [1] is typically realized using a scalar field called inflaton that is coupled to gravity. Also, many attempts have been made to explain the accelerated expansion of our universe at late time [2] by modifying gravitation at cosmologically large scale rather than by attributing it to the cosmological constant, whose origin it yet to be known. For these modifications to be viable, they must be consistent with various tests of gravity at scales ranging from sub-millimeter to astrophysical ones. To conduct such experimental tests and also to examine their theoretical consistencies, behaviors of gravity and scalar fields in those modified theories have been studied from various viewpoints as reviewed in, e.g., Ref. [3] .
Quite a number of such gravitation theories with modifications has been proposed by now, and then it is desirable to have a theory that could be used as a framework to treat them in a unified manner. Such a theory must be free from pathological behaviors including ghost instability, and also it should encompass a wide variety of other theories as its subclass. Within this context, the Galileon theory was proposed as a theory that is free from the Ostrogradsky ghost instability although its Lagrangian contains higher derivative terms [4] . Later on, this theory was covariantized to include gravity and also was generalized to incorporate more parameters into the theory by [5, 6] . The resultant theory was dubbed the generalized Galileon theory, which was shown by [7] to be equivalent to the Horndeski theory [8] constructed in 1970's as a generalization of Lovelock theories of gravity [9] . This theory has been studied in wide variety of contexts in cosmology and gravitational physics, e.g. by [7] which pursued inflation scenario based on it.
The Horndeski theory is the most general scalar-tensor theory with a single scalar field whose Euler-Lagrange equation has derivatives of the metric and the scalar field only up to second order. There are a several ways to extend this theory further. One of the simplest extensions would be to incorporate multiple scalar fields into the theory, which was realized in the generalized multi-Galileon theory [10] [11] [12] [13] [14] . Later on, it was realized that the multi-DBI inflation models [15] [16] [17] [18] [19] are not included in this theory [20] , which motivated to construct the two scalar field version of the Horndeski theory based on the derivation in the single scalar field case. Such a construction was attempted in [21] . As a result, the most general equations of motion of such a theory was successfully constructed, while the Lagrangian corresponding to those equations has not been found so far. We call this theory the bi-Horndeski theory The organization of this paper is as follows. In section II, we give a brief introduction on characteristics, which is a mathematical tool to study wave propagation, and based on it we derive the principal part and characteristic equation of the bi-Horndeski theory. In section III, we study properties of characteristic surfaces in the bi-Horndeski theory, particularly focusing on the causal structure in a spacetime with a Killing horizon. As another application of the formalism developed in the previous sections, in section IV we study wave propagation on the plane wave solution, which is an exact solution in the Horndeski theory. In section V, we turn to the issue of shock formation in the Horndeski theory. After reviewing the general formalism in section V A, we apply it to the shift-symmetric Horndeski theory in section V B. Then, we examine shock formation process on the plane wave solution and twodimensionally maximally-symmetric dynamical spacetime in sections V C and V D, respectively. Background solutions in the latter example include the Friedmann-Robertson-Walker (FRW) universe and and also spherically-symmetric static solutions. Using these backgrounds, we will study conditions for shock formation in waves propagating on them. We then conclude this work in section VI with discussions. Some formulae necessary for this work are summarized in appendices. Field equations of the bi-Horndeski theory, and its relationship with those of other theories such as the Horndeski theory are summarized in appendices A and B. The integrability conditions of the bi-Horndeski theory is shown in appendix C for reference. Appendices D, E and F are devoted to studies on wave propagation and shock formation in the shift-symmetric Horndeski theory.
We summarize the convention for indices used in this work in Table I . Also we denote partial and covariant derivatives by comma and stroke, respectively (v ,a ≡ ∂v/∂x a , v |a ≡ ∇ a v). The generalized Kronecker delta δ is used to describe the (bi-)Horndeski theory. See the definitions in each section for more details. 
II. CHARACTERISTICS IN BI-HORNDESKI THEORY
In this section, we explain the method to examine the causal structure of the bi-Horndeski theory. The full expression of the field equations in this theory are shown in appendix A, and its relationship with the generalized multi-Galileon theory and the Horndeski theory with a single scalar field is summarized in appendix B.
A. Characteristics
As a preparation for the analysis on the bi-Horndeski theory, we give a short review on characteristics for a generic equation of motion. Suppose that a vector of dynamical variables v I obeys a set of field equations
To consider time evolution based on this equation, we introduce a three-dimensional hypersurface Σ and a coordinate system (x a ) = (x 0 , x µ ). Σ is given by x 0 = 0 and x µ lies on Σ. We use notation that Latin indices (a, b, . . .) denote all the four dimensions and Greek indices (µ, ν, . . .) denote only the three dimensions on Σ. Now let us assume that E is linear in ∂ 
where a comma denotes partial derivative (v J,00 ≡ ∂ 2 v J /(∂x 0 ) 2 ) and the ellipses denote terms up to first order in derivatives with respect to x 0 . Equation (2) can be solved to determine v J,00 in terms of quantities with lower order x 0 derivatives as long as the coefficient matrix of the v J,00 term,
is not degenerate and invertible as a matrix acting on the vector v I . On the other hand, if it is not invertible then the value of v J,00 cannot be fixed by Eq. (2) . In such a situation, we call Σ characteristic.
A characteristic surface gives a boundary of causal domain and defines the maximum propagation speed allowed in the theory, as we can see by the following consideration [74] (see also [55, 56] ). Suppose that we have discontinuity in v I,00 across Σ, while v a and v a,0 are continuous there. Then this surface must be characteristic, because otherwise v I,00 cannot be discontinuous as we argued above. It implies that the discontinuity propagates on the characteristic surface Σ, and in this sense we may regard Σ as the wave front corresponding to the discontinuity, which may be interpreted as wave in the high frequency limit. Now let us consider time evolution from an initial time slice, and focus on a finite part of such a slice. In the region enclosed by that part of the initial time slice and the characteristic surface emanating from the edge of that part, the time evolution will be uniquely specified by the initial data on that part of the initial time slice. It is because we can solve Eq. (2) to fix the solution in such a region. On the other hand, the solution outside this region cannot be fixed only by the initial data on that part of the initial time slice, because disturbances outside that part can propagate in this outer region along characteristic surfaces. In this sense, for a region on an initial time slice, the boundary of the causal domain is given by the characteristic surface emanating from its edge. In other words the maximum propagation speed in a theory is determined by characteristic surfaces.
To express the coefficient matrix (3) covariantly, we introduce a normal vector of the surface Σ, ξ a ≡ (dx 0 ) a , with which we can express the equation to determine characteristic surfaces as
Σ is characteristic if Eq. (4) has nontrivial solutions, which is realized when det P = 0, and the eigenvector r for a vanishing eigenvalue corresponds to a mode propagating on Σ. P is called the principal symbol of the field equation (2) , and det P = 0 is called the characteristic equation.
B. Characteristic equation of bi-Horndeski theory
We apply the analysis shown in the previous section to the field equations of the bi-Horndeski theory in this section. Clarifying the principal symbol of the field equations in sections II B 1, we introduce the characteristic equation and the principal symbol in this theory in section II B 2.
Equations of motion
We start our analysis from the metric part of the field equations. It turns out that, in the bi-Horndeski theory, the (00) and (0µ) components of the gravitational equations do not contain second derivatives with respect to x 0 and only the (µν) components has them. Hence it suffices to look at the (µν) components of field equations, which are
where A µν,ρσ , B µν I and C µν are given by, denoting a covariant derivative by a stroke as
C µν = C µν g ρσ , g ρσ,0 , g ρσ,κ , g ρσ,κ0 , g ρσ,κλ , φ I , φ I ,0 , φ I ,ρ , φ I ,0ρ , φ I ,ρσ .
B I in Eq. (7) is defined as
We next look at the equations of motion for the scalar fields, which are given as
where G µν I , H IJ and I I are defined by
I I = I I g ρσ , g ρσ,0 , g ρσ,κ , g ρσ,κ0 , g ρσ,κλ , φ I , φ I ,0 , φ I ,ρ , φ I ,0ρ , φ I ,ρσ .
Characteristic equation
Using the above expressions, the equations of motion are written as
where
Then the characteristics are found by solving
where r = (r ab , r J ) is a vector made of a symmetric tensor r ab and a vector of scalars with two components r J . The characteristic equation is given by det P = 0, and eigenvectors for vanishing eigenvalues corresponds to the modes propagating on the characteristic surface Σ as we argued in section II A. As we discuss in appendix C, the integrability conditions for equations of motion guarantee that the matrix P is symmetric, i.e.,
The integrability conditions have not been imposed to the field equations in [21] , and then the principal symbol derived above does not have the symmetry (17) in general. We proceed without imposing these conditions in the analysis below, and we leave the full analysis with these conditions for future work. In the next section, we find that some properties of causal structure in this theory can be read out despite this restriction.
III. CAUSAL EDGE IN BI-HORNDESKI THEORY
In GR, a null surface is always a characteristic surface and hence it gives the boundary of causal domain. This property is lost in the bi-Horndeski theory and hence the causal structure in this theory becomes nontrivial. Particularly, a Killing horizon in a stationary spacetime may not be a characteristic surface in this theory, which means that the black hole region defined in a usual sense may be visible from outside due to the presence of superluminal modes. In this section, as a first application of the formalism developed in the previous section, we clarify conditions for a null hypersurface to be characteristic. We will find that, for a Killing horizon to become a boundary of causal domain, the scalar fields must satisfy some additional conditions similar to that found in Ref. [66] .
A. Null hypersurface
We assume that a x 0 = constant surface Σ is null, that is,
where x 1 is the null coordinate lying on Σ and x α (α = 2, 3) are other spatial coordinates along Σ. Under the conditions (18) , the components of the principal symbol become
From these equations, we find Eq. (16) has the following structure:
Although three components A 11,11 , A 1α,11 , A 11,1γ vanish identically, P is invertible unless some of the remaining components happen to vanish, hence a null hypersurface is not characteristic in general.
B. Killing Horizon with additional conditions
Next, we consider the case when Σ is a Killing horizon, on which the metric satisfies [55]
which implies that the following components of the Riemann tensor vanish on the null surface Σ:
In Gauss-Bonnet and Lovelock theories, a Killing horizon becomes characteristic once these conditions are imposed [55, 56] . In Horndeski theory, however, it was noticed that these conditions are insufficient and some additional conditions on the scalar field must be imposed to make the Killing horizon characteristic [66] . What happens in the bi-Horndeski theory is similar to that for the Horndeski theory. By explicit calculations, we can show that the conditions (31) make some terms in P with curvature tensors vanishing. Even when this occurs, however, no components in the principal symbol (30) vanish completely and hence the Killing horizon Σ will not be characteristic in general.
In Ref. [66] it was noticed that a Killing horizon in the Horndeski theory become characteristic if the scalar field satisfies some additional conditions. We consider generalizations of these conditions 2 given by
Under these conditions, the components of P drastically simplify as
Then, Eq. (16) reduces to
The principal symbol P is degenerate, and it gives d conditions in total on an eigenvector r with vanishing eigenvalue. Then the eigenvector will have
) + 2 degrees of freedom, which coincides with the number of physical degrees of freedom of the bi-scalar-tensor theory. Therefore, the additional conditions (33) on the scalar fields guarantee the Killing horizon Σ to be characteristic for all of the physical modes.
IV. WAVE PROPAGATION ON PLANE WAVE SOLUTION
As another application of the technique shown in section II, we analyze characteristic surfaces on the plane wave solution in the shift-symmetric Horndeski theory, which is an exact solution constructed in Ref. [67] . For this purpose, we employ a covariant formalism provided in Ref. [56] , which is equivalent to a description of the equations of motion in the harmonic gauge and useful to find effective metrics that govern wave propagation.
Using this formalism, we will find that we can define effective metrics that differ from the physical metric on the plane wave solution, and characteristic surfaces are given by null hypersurfaces with respect to the effective metrics. This result can be viewed as an generalization of that for Lovelock theories addressed in Ref. [56] . Also, we will study shock formation phenomena on the plane wave solution later in section V C, which heavily relies on contents of this section.
A. Shift-symmetric Horndeski theory
The shift-symmetric Horndeski theory is the most-general single scalar field theory whose arbitrary functions are invariant under constant shift in the scalar field. Within this theory, Babichev constructed an exact solution describing plane wave of metric and scalar field propagating in a common null direction [67] . We will review the construction procedure of this solution later in section IV B 1 based on equations summarized in the current section.
The shift-symmetric Horndeski theory possesses four arbitrary functions K(X), G 3,4,5 (X), where
in its Lagrangian and equations of motion. We use the following notation
where n = 3, 4, 5.
Equations of motion and principal symbol
The action and equations of motion of the shift-symmetric Horndeski theory are summarized in Ref. [67] . They can be reproduced from appendix B of Ref. [7] by making the arbitrary functions K, G n independent of φ, and also from the equations of the bi-Horndeski theory given in appendix A if we specify the functions as shown in appendix B 2. Just to reproduce them here, the Lagrangian of the shift-symmetric Horndeski theory is given by L = 5 n=2 L n , where
Metric equation following from this Lagrangian is given by
The above equations hold in any dimensions except for the second expression of G 5 µν , which is simplified by eliminating the fifth-order generalized Kronecker delta (δ νb1b2b3b4 µa1a2a3a4 ) that identically vanishes in four dimensions. The scalar equation of motion is given by
where J n a is the current associated with the shift symmetry of the scalar field. Their divergences are given by
We used Schouten identity (obtained by expanding δ 
The principal symbol of the equations of motion, which is the set of the metric equation (54) and the scalar field equation (49) , is constructed by taking derivatives of these equations with respect to partial derivatives of the dynamical variables g qr,st and φ ,st . We summarize the explicit expressions of these derivatives in appendix D. Using them, the principal symbolP based on the trace-reversed metric equation (54) and the scalar equation is then constructed as
where r qr and r φ are a symmetric tensor and a scalar corresponding to waves of g qr and φ propagating on a characteristic surface Σ, respectively. The principal symbolP has a symmetry
where r ab and r ab are symmetric tensors and the inner product is defined by
This symmetry of the inner product follows from the fact that the equations of motion are derived from a Lagrangian by the variational principle, and equivalent to the symmetry discussed in Eq. (17).
3 For the original principal symbol that is not trace-reversed, this symmetry is simply given by
Gauge symmetry and transverse condition
We can check that the components of the principal symbolP satisfy, for any vector X a ,
which implies that a vector given by r = (r ab , r φ ) = (ξ (a X b) , 0) is annihilated byP for arbitrary vector X a , and hencẽ P · r is invariant under gauge transformation
This property follows from the diffeomorphism invariance of the theory. We define the vector space of the equivalence classes with respect to this invariance as V physical , following Ref. [56] . We can check also that the gravitational part of the principal symbol satisfies
This property originates from the generalized Bianchi identity in this theory
and the fact that the left-hand side of this equation cannot not have third derivatives since ∇ a J n a is given by derivatives up to second order. We say that a symmetric tensor r ab is transverse if it obeys
and call the vector space made of transverse symmetric tensors V transverse . Identity (61) implies that the gravitational part of the principal symbol is transverse, that is,
Hence,P can be regarded as a map from V physical into V transverse . Note that these two vector spaces share the same number of dimensions: seven in total, six and one from the metric and scalar sectors, respectively. We hereby assume G 4 − 2XG 4X and K X are nonzero. Then, for convenience, we separate and normalize the equationP · r = 0 as
where P 0 · r ab and P 0 · r φ are defined by
These terms are the first terms of Eqs. (D14) and (D9), respectively, with the coefficients removed by the normalization introduced in Eq. (65) .P 0 corresponds to the principal symbol of GR and a minimally-coupled scalar field described by K(X). BothP 0 andR satisfy the symmetry with respect to the inner product (57) and the transverse condition (64) . Also, bothP 0 · t andR · t vanish for the gauge mode r = (ξ (a X b) , 0). P may be regarded as a matrix acting on the seven physical components of r. Then, characteristic surfaces can be found by solving the characteristic equation detP (x, ξ) = 0 with respect to ξ, or equivalently by finding eigenvectors ofP with vanishing eigenvalues. Below, we will take the the latter approach to find characteristic surfaces and eigenvectors associated with them.
We first study a non-null characteristic surface. For this purpose, rather than solving Eq. (65) directly, it is useful to solve an eigenvalue equation forR defined by Eq. (65) as a first step:
Equation (59) implies that r = (ξ (a X b) , 0) for any vector X a is an eigenvector with λ = 0. These eigenvectors correspond to gauge modes. Since ξ is not null, based on Eq. (63) we can uniquely decompose r ab into the physical and gauge parts as
so thatr ab satisfies the transverse condition (63) . Then, the characteristic equation (65) becomes
in which terms in (66) other than the ξ 2 terms vanish due to the transverse condition. Equation (70) has a nonzero eigenvector r if ξ is chosen to satisfy ξ 2 = λ. 4 If such a ξ exists, the surface normal to ξ is a characteristic surface that is timelike (spacelike) if λ > 0 (λ < 0). Physically, it corresponds to subluminal (superluminal) propagation of wave whose profile is proportional to r. Next, let us study a null characteristic surface. In this case it is useful to introduce a null basis {e 0 , e 1 , e i=2,3 }, where e a 0 = ξ a and e 1 are null vectors satisfying e 0 · e 1 = 1 and e i are spacelike orthonormal vectors (e i · e j = δ ij )
orthogonal to e 0,1 . The transverse condition (63) constrains the eigenvector as r 00 = r ii = r 0i = 0, and the same components ofR · r vanish identically. Then, the nontrivial components of the equationP · r = 0, or equivalently Eq. (65), are given by
where only the traceless part of Eq. (71b) is nontrivial since its trace part R · r ii = 0 is satisfied identically. It can be shown that r 1a do not appear in the above equations, and they correspond to gauge modes. Then, we have seven physical independent variables, and (71) comprise seven equations for them. Generically there are no non-vanishing solutions since the number of the unknown variables are the same as that of the equations. If solutions do not exist, there are no null characteristic surfaces. In some special cases, the above equation happen to have nontrivial solutions and there are null characteristic surfaces correspondingly. We will see such examples below.
B. Characteristics on the plane wave background
Using the formalism in the previous section, we analyze wave propagation and causal structure on the plane wave solution constructed by Ref. [67] . After briefly describing the background solution in section IV B 1, we solve the characteristic equation on this background to find the structure of causal cones on this background in section IV B 2.
Plane wave solution
The first step to construct the plane wave solution in the shift-symmetric Horndeski theory is to introduce the pp-wave ansatz given by
To describe this solution, we introduce a null basis a , n a and m i a with i = x, y satisfying
We set to the null direction of the background spacetime (72) , that is, a = (du) a . Then we find that curvature tensor components in this spacetime vanish except for
Derivatives of φ and the curvature tensor are then expressed covariantly as
where φ ≡ dφ/du. Because φ |a vanishes when contracted with φ |a a, φ |ab or R abcd , and also because φ = R = 0, the equations of motion are simplified drastically under the ansatz (72) . Also, Eq. (75) implies that
hence only the values of arbitrary functions K(X), G n (X) and their derivatives evaluated at X = 0 appear in equations.
Plugging the ansatz (72) into the equations of motion, it turns out that the scalar field equation (49) is satisfied for arbitrary φ(u), and the metric equation (44) reduces to
This equation can be satisfied only when K(0) = 0, i.e., when the cosmological constant vanishes, and
κ defined by this equation becomes positive if we assume K(0), G 4 (0) > 0, which are no-ghost condition for a canonical scalar coupled to GR. The general solution of Eq. (78) is
where F h is the general homogeneous solution satisfying ∆F h = 0. A simple example of the homogeneous regular solution is given by
where a ij (u) is a symmetric traceless matrix.
Principal symbol on the plane wave solution
On the background of the plane wave solution described above, the components of the principal symbol (55) are given by
where ξ · ≡ ξ a a .
Characteristic surfaces on the plane wave solution
In this section, we construct characteristic surfaces on the plane wave solution background based the formalism of section IV A. It is accomplished by finding eigenvalues λ of the eigenvalue equation (68) and then solving λ = ξ 2 , which is equivalent to Eq. (70), to fix ξ. We start from solving the eigenvalue equation (68) by finding eigenvectors satisfying this equation. As we observed in section IV A 2, r = (ξ (a X b) , 0) for any vector X a is an eigenvector with λ = 0. Adding to that, r = ( (a X b) , 0)
gives λ = 0 for any X a , hence we have found seven eigenvectors with vanishing eigenvalues in total, since the vector r = ( (a ξ b) , 0) is contained in the both kinds of the eigenvectors. In the null basis (73), we may freely choose n a keeping the other null vector a = (du) a invariant. Using this arbitrariness, in our analysis we choose n a as the null vector made of a linear combination of a and ξ a , that is,
. Then the eigenvectors with vanishing eigenvalues can be taken as r = (a X b) , 0 and n (a X b) , 0 . Eigenvectors with non-vanishing eigenvalues must be orthogonal to these eigenvectors with respect to the inner product (58) , from which we find that the eigenvector takes the form
where r ij is a symmetric traceless tensor. The r n part belongs to the Kernel ofR, then the n component of the eigenvalue equation becomes an equation to fix r n in terms of the other components as
Other than this one, only the ij and φ components remain nontrivial and given by
This eigenvalue equation is solved by (r n , r ij , r φ ) = (0, r ij , 0),
and also by (r n , r ij , r φ ) = (r n , 0, r φ ),
The first solution (88) has two modes because r ij is a traceless symmetric tensor. We call the first solution (88) and the second one (89) the tensor and scalar modes, respectively. We have found ten eigenvectors up to this point, and in principle there may be one more eigenvector sinceR can be regarded as a matrix for eleven variables which consist of ten metric components and one scalar field. To search for the last eigenvector, it is useful to note that a general eigenvector may be expanded as
where X a and Y a are arbitrary vectors andr ij is a symmetric traceless tensor. The nonzero components of the eigenvalue equation for this vector turn out to be
If λ = 0, Eq. (93) forces α = 0 and the vector (91) becomes a linear combination of the eigenvectors found in the previous step and is not a new one. Then setting λ = 0, we find that Eq. (93) impliesr ij = 0, and Eqs. (92) and (94) give only a trivial solution α = r φ = 0 unless these equations happen to be degenerate with each other. Hence, generically the ten vectors found in the previous step exhaust all of nontrivial eigenvectors, and the characteristic equation forces the last eigenvector to be a trivial one. A special case where Eqs. (92) and (94) become degenerate with each other is when the characteristic surface is parallel to the null direction and then ξ · = 0. We will examine this case later. From the results above and Eq. (70), ξ for the tensor and scalar modes satisfy
scalar :
Then, we may define effective inverse metrics G ab ω for which ξ of these modes are null as
We plugged in Eq. (78) to simplify the expression (99). Using G ab ω , a characteristic surface Σ is obtained as a surface whose normal is null with respect to G ab ω . We can also construct effective metrics for tangent vectors of Σ as
The characteristic cones are superluminal (the normal ξ being timelike) if ω > 0. We can also see that the (maximum) propagation speeds of the two tensor modes are the same while that of the scalar mode is different from them.
The above derivation does not work when ξ is null, which can be separated into two cases where ξ is not parallel to and when it is parallel. We examine each of these two cases below.
In the first case where ξ is not parallel to , we may take ξ = n by appropriately choosing n. Then, we may solve Eq. (71) for null characteristic surfaces taking e 0 = n and e 1 = , which is equivalent to swapping 0 and 1 in that equation. Plugging the general ansatz for an eigenvector (91) into this equation, we obtain
Unless the coefficients in Eqs. (101b) or (101e) happen to vanish, these equations do not have nontrivial solutions hence there are no null characteristic surfaces. In the special case where the coefficient of Eq. (101e) vanishes, r φ can be nonzero, then Eqs. (101a) and (101c) will fix X a in terms of r φ . Alsor ij can be nonzero if the coefficient of Eq. (101b) happen to vanish. These correspond to the scalar and tensor modes, respectively.
In the second case where ξ is parallel to , we can check thatR · r identically vanishes, hence the characteristic equation (65) reduces toP 0 · r = 0, which is equivalent to that in GR with a minimally-coupled scalar field. Then we immediately see that the number of the physical propagating modes is given by two plus one, which comes from the metric and scalar sectors, respectively. Since ξ ∝ is a null vector with respect to the effective metric (100), we may conclude that any null vector (not only the one parallel to ) with respect to G ab ω gives a characteristic surface. Before closing this section, let us make some comments on physical features of the effective metrics (100) and the characteristic surfaces derived from them. When φ = φ = 0, ω vanishes and then all the modes propagate at the speed of light. This situation is realized not only on the flat background but also on the purely gravitational plane wave background, for which φ is constant but F = F h is nontrivial. The effect of nontrivial F = F h appears only in the physical metric but not in the deviation of the effective metrics from the physical one.
The characteristic cones for the tensor and scalar modes do not coincide with each other in general, while they always do along , because is null with respect to G ab ω for any ω. Therefore the characteristic surfaces form nested cones that touch with each other along , as shown in Fig. 1 . This feature is similar to that in Lovelock theories on type N spacetime background [56] .
As long as ω in Eqs. (98) and (99) are finite, propagation speeds of waves are finite and we can define causality as usual despite the propagation becomes superluminal if ω > 0. The only difference from GR is that the causality is not defined with respect to the light cone but to the largest cone, which is realized for the largest ω. Since the effective metrics (100) are always Lorentzian, the hyperbolicity of the field equation is maintained and the initial value problem is guaranteed to be well-posed. See Ref. [56] for further discussions on the hyperbolicity in theories with modifications. (72) is given by solid black line, and the characteristic cones obtained from the effective metrics (100) are shown by green dashed curve and red dot-dashed curve for ω > 0 and ω < 0, respectively. All the cones are aligned in the direction parallel to a and they split in other directions if ω = 0, hence the characteristic surfaces form a nested set of cones in general. The u-axis is aligned to the physical null cone since F = 0 in this figure, while it is not the case when F = 0.
V. SHOCK FORMATION IN SHIFT-SYMMETRIC HORNDESKI THEORY
Based on the technique summarized in sections II and IV, we examine shock formation process in the Horndeski theory in this section. Some previous works [68] [69] [70] studied such shock (caustics) formation in generalized Galileon theories focusing on the simple wave solution of the scalar field. We re-examine the problem of shock formation taking the gravitational effect into account.
For this purpose, we focus on propagation of discontinuity in second derivatives of the scalar field and also the metric. Such a shock formation process based on transport of second-order discontinuity was studied in [57] for Lovelock theories in higher dimensions, and it was found that gravitational wave in these theories suffers from shock formation generically. We will examine if this kind of phenomena could occur for gravitational wave in Horndeski theory, and also check what would happen for scalar field wave and shock formation in them when the gravitational sector is taken into account. For simplicity, we will focus on Horndeski theory with a single scalar field and particularly the shift-symmetric version of it, as we did in section IV.
We first review the formalism of shock formation for a generic equation of motion in section V A, following Ref. [57] . We will apply this formalism to the shift-symmetric Horndeski theory in section V B, and examine conditions to avoid the shock formation without specifying the background solution in section V B 2.
To study properties of shock formation in this theory more explicitly, we focus on some examples of background solutions in the following sections. In section V C, we take the plane wave solution studied in section IV as the background solution, and check if this solution suffers from the shock formation. Another typical class of solutions in the Horndeski theory is solutions whose two-dimensional angular part of the metric is maximally symmetric. For example, isotropic homogeneous cosmological solutions such as the FRW universe and also (dynamical) sphericallysymmetric solutions belong to this class of solutions. We study shock formation on such dynamical solutions with two-dimensional maximally-symmetric part in their metrics in section V D.
A. General formalism of shock formation
In this section, we introduce a formalism for propagation of discontinuity in second derivatives based on a general equation of motion (1). This formalism was introduced in Ref. [77] and was employed by Ref. [57] to analyze shock formation process in Lovelock theories. We reproduce a part of the derivation explained therein to get our analysis oriented and to fix the notation.
We will employ the coordinates (x a ) = (x 0 , x µ ) introduced in section II A, where a characteristic surface Σ lies on x 0 = 0. We assume that the equation of motion has the following structure:
Here we assumed that P IJ is independent of v ,0µ , which is the case in the shift-symmetric Horndeski theory at least. On the characteristic surface Σ, det P = 0 is satisfied and hence there are eigenvectors of P with vanishing eigenvalues:
where we assumed that P IJ is symmetric in its indices hence the left and right eigenvectors of P coincide with each other. Now let us consider time evolution from an initial time slice that intersects with x 0 = 0, and assume that the dynamical variable v has a discontinuity in its second derivative with respect to x 0 at the locus of x 0 = 0 on the initial time slice. This discontinuity will propagate on Σ, and the solution on the past side of Σ will not be influenced by the discontinuity. Hence we may regard wave of the discontinuity to propagate into the "background solution", which is a solution to the unperturbed equation of motion (see Fig. 2 ).
Since the discontinuous part of (102) is given by P IJ [v J,00 ] = 0, where a quantity in square brackets denotes its discontinuous part, comparing with Eq. (103) we find that [v I,00 ] must be proportional to an eigenvector r I and hence
where Π(x i ) is the proportional constant, which may be regarded as amplitude of the discontinuity.
In the following, we focus on how the amplitude of discontinuity Π(x µ ) changes as it propagates on Σ. A transport equation of Π can be constructed by firstly taking x 0 derivative of Eq. (102), acting r I on it to remove third derivatives with respect to x 0 , and finally picking up discontinuous part of the resultant equation. Leaving the details of these steps to Ref. [57] , we find that the final outcome of these steps is given by
where (v J,00 ) − ≡ lim x 0 →−0 v J,00 . The coefficients in Eq. (105) depend only on the field values at x 0 → −0, that is, the background solution on the past side of the characteristic surface. The discontinuity propagates along the integral curve generated by K µ , which can be found by integrating
where we have introduced a parameter s along the integral curve x µ = x µ (s) that becomes zero on the initial time slice. It can be shown that this integral curve coincides with a bicharacteristic curve, which is a geodesic curve with respect to the effective metric and along which waves on characteristic surface propagate [57] . Then, denotinġ Π ≡ dΠ(s)/ds, Eq. (105) may be written asΠ
An equation equivalent to Eq. (110) is obtained also for propagation of weakly nonlinear high frequency waves, whose frequency is sufficiently large compared to the background time dependence [57, [77] [78] [79] [80] . This equation is nonlinear in Π as long as N does not vanish. In such a case, the theory is called genuinely nonlinear and suffers from shock formation as we see below. There are certain theories for which N identically vanishes and the above equation becomes linear, in which case the theory is called exceptional or linearly degenerate [77, 81, 82] . For example, GR coupled to a canonical scalar field is an exceptional theory. Time evolution of the amplitude Π(s) is described by the general solution of Eq. (110), which is given by
When N = 0, Π(s) obeying (111) diverges only when Φ(s) and hence M(s) do so. Since M(s) is determined only by information of the background solution and the characteristic surface on it, Φ diverges only when the background solution or Σ is not regular. This happens when bicharacteristic curves on Σ form a caustic on it by crossing with each other, where the amplitude of wave may diverge due to focusing effect. To distinguish it from the shock generated by nonlinear effect due to nonzero N , sometimes this type of shock formation is called a linear shock [77] . When N = 0, Π(s) may diverge even when Φ(s) is regular, that is, there are no caustics on Σ. Such a divergence is realized when the denominator of (111) vanishes as s increases from zero. At the moment when Π(s) diverges, second derivatives on the future side become infinite hence first derivatives become discontinuous at Σ. We call it a shock formation in this work. This phenomenon originates from the nonlinear effect due to nonzero N as we observed above, and also it can be seen that it occurs when two different characteristic surfaces collide with each other in time evolution [57, [83] [84] [85] .
B. Shock formation in shift-symmetric Horndeski theory
As shown in the previous section, shock formation in the discontinuity of second derivatives may occur when N defined by Eq. (108) does not vanish. In the following, we examine properties of N and shock formation process in the shift-symmetric Horndeski theory.
We first show the expression of N in the shift-symmetric Horndeski theory on general background in section V B 1, then examine sufficient conditions for N = 0 in section V B 2. To evaluate N explicitly, we need to specify the background solution. We do it for the plane wave solution in section V C, and also for dynamical solution whose two-dimensional angular part of metric is maximally symmetric in section V D. 
We summarize explicit formula of the terms in (116) in appendix E. N on a general solution is given by a summation of the expressions therein. It does not vanish in general, hence we may expect that shock formation occurs generically in this theory, while there are some cases where N = 0 as we see below.
Sufficient conditions for N = 0
To evaluate N explicitly, we first need to specify the background solution, and then find characteristic surfaces and eigenvectors associated with them. We will follow such a procedure taking some examples of the background solutions later in sections V C and V D. Before studying such examples, in this section let us examine sufficient conditions for N to vanish without specifying the background solution. Among various theories, we find that the k-essence [86, 87] coupled to GR stands out as a special theory where the scalar field decouples from metric sector, and that the scalar field version of the DBI model [88] turns out to be the unique nontrivial theory to make N = 0 on the general background.
For the k-essence coupled to GR (G 3 = G 5 = 0, G 4 = const. with general K(X)), non-vanishing parts of the (trace-reversed) principal symbol are given by
There are no terms that mix the scalar and metric parts, and in this sense the scalar part decouples from the metric part in this analysis. Characteristic surfaces can be found by equating these expressions with zero and solving for ξ.
In the metric part (118), if ξ = 0 we find that r is forced to have a form r ab = ξ (a X b) , which is pure gauge. Hence ξ must be null to find physical modes, then Eq. (118) becomes a constraint which reduces the number of degree of freedom by four. Hence there will be two physical degrees of freedom in r = (r ab , r φ ) = (r ab , 0), which corresponds to the usual tensor modes in GR.
In the scalar part (117), the factor on the right-hand side gives an effective metric for the scalar mode as
A surface whose normal vector ξ satisfies this equation is characteristic, and the eigenvector is simply given by r = (r ab , r φ ) = (0, r φ ). Let us evaluate N for these modes next. For the k-essence coupled to GR, only (E11) contributes among the terms appearing in N , hence
where φ |0 = ξ a φ |a . For the tensor modes, this N vanishes identically and hence shock will not form. For the scalar mode, normalizing r φ = 1 and using (119), we find
The condition N = 0 to avoid shock formation is equivalent to 3K XX 2 − K X K XXX = 0 (assuming φ |0 = 0), which may be viewed as a differential equation of K(X). A trivial solution is K ∝ X, which corresponds to a canonical scalar field. The general solution other than this one is given by
where λ, c, Λ are constants. This is the Lagrangian of the scalar DBI model, which reduces to the cuscuton model (L ∝ √ X) for c = 0 or in the limit X → ∞. Hence, among the theories described by the k-essence coupled to GR, the scalar DBI model (122) is singled out as the theory free from shock formation.
This behavior is the same as that of plane-symmetric simple wave solutions for probe scalar field studied by Ref. [68, 69] , where the scalar DBI model turned out to be the theory free from caustics formation. 8 As discussed above, even in our setup the scalar and metric part decouples if G 3,5 (X) and non-constant part of G 4 (X) are set to zero. Having this decoupling, it seems natural that the result obtained from our setup coincides with those for the probe scalar field. For the theories other than the k-essence coupled to GR, it seems difficult to find characteristics and eigenvectors since the scalar and metric parts do not decouple in the characteristic equation. However, there is a sufficient condition 7 The analysis in this section is unchanged even when G 3 and G 5 are promoted to non-zero constants, for which the Lagrangians L 3,5 become total derivatives and do not contribute to the dynamics of the theory. 8 See [89] for earlier discussions on exceptional theories for a scalar field on flat spacetime, in which the canonical scalar and the scalar DBI were found as such theories. Also the DBI model for a probe vector field is shown to be exceptional [90] .
to realize N = 0 even in more general theories, which is to have φ |0 = Γ 0 ab = 0 on a characteristic surface. Imposing this condition to the expressions in appendix E, it can be checked that all the terms appearing in N vanish identically. A flat spacetime with constant φ is an example where this condition is satisfied, hence shock formation in the sense of section V A does not occur for wave propagating into such background. This is consistent with the results of Refs. [68] [69] [70] for simple waves of a probe scalar field, for which φ and its first derivative are not zero where caustics form. Another less trivial example of N = 0 is the Killing horizon with φ |0 = 0 imposed additionally, which was discussed in section III B in the context of the bi-Horndeski theory. On the Killing horizon Γ 0 ab = 0 is satisfied by virtue of the condition (31) , then N vanishes if φ |0 = 0 is satisfied as well.
C. Shock formation on plane wave solution
To study properties of shock formation for more complicated choices of G n (X) on generic background solutions, it seems that we need to look into explicit examples of background solutions and study wave propagation on them. Such a study using explicit background solutions is the main subject of this and the next sections.
The first example is the plane wave solution examined in section IV B, where we follow the analysis of Ref. [57] for shock formation on the plane wave solution in Lovelock theories. To prepare for the analysis, we introduce coordinates adapted to geodesics in this theory in section V C 1. Using them, we examine shock formation on this solution in section V C 2. We will find that the tensor modes or the gravitational wave, and also the scalar mode propagating along do not suffer from the shock formation, while the scalar mode propagating in the opposite direction forms a shock in general.
Geometry of characteristic surfaces
Characteristic surfaces on the plane wave background is given by null hypersurfaces with respect to effective metrics (100), which can be transformed as
where we have introduced a new coordinate v ≡ v − 1 2 ω u. For simplicity, we consider plane-fronted wave propagating from a surface u = v = 0, and focus on the propagation in the (negative) u direction, which is opposite from the direction along a in Fig. 1 . 9 Such wave propagates along the null geodesics of the effective metric (123).
Parameterizing the coordinates on a geodesic by affine parameter λ, the geodesic equation 
which are the a = u, v and x α (= x, y) components of the equation, respectively. The u component implies that we may take u = λ. Below, we assume for simplicity that φ is a nonzero constant and φ = 0. Also, we assume that F (x µ ) is given by Eq. (79) whose homogeneous part is Eq. (80) with a xx = −a yy = A and a xy = 0 for a constant A, that is,
In this case, the x α components of the geodesic equations can be solved by
9 For the wave propagation along a , i.e. when ξa = a, it can be checked that φ |0 and Γ 0 ab vanish on the plane wave solution background. Then N vanishes in this case, as argued at the end of section V B 2. Hence the shock formation does not occur for the wave propagating along a .
where η I is the initial position x I of a geodesic at λ = 0, and A α are given by
Assuming κ > 0, it is guaranteed that one of A x and A y becomes negative at least for any choice of A. The v component can then be integrated as
Introducing Gaussian null coordinates adapted to the characteristic surface and geodesics
the physical metric (72) becomes
The characteristic surface is at x 0 = 0 and its normal is given by ξ = dx 0 . This metric becomes singular at u = ±π/2 √ −A α for A α < 0, which corresponds to a caustic of the null geodesics. The only nonzero components of Γ 0 αβ on x 0 = 0 are
This quantity is proportional to extrinsic curvature of the surface x 0 = 0 when it is not null.
N on the plane wave solution
N on the plane wave solution can be obtained by plugging the background solution (130), (131) with φ = φ(u) into the general expression (116), whose explicit expressions are given in appendix E. We summarize the explicit formula obtained from this procedure in appendix F.
For the tensor mode (88), the only term that could contribute to N is the pure metric term (E3), which is given by r ab r cd r ef ∂ ∂g ef,0
This term becomes zero because X = 0 for the plane wave solution and also δ (88) is plugged in. Hence, N vanishes for the tensor modes on the plane wave background, or in other words gravitational wave on this background does not suffer from the shock formation.
For the scalar mode (89) , N is given by
and C ±,0 are constants given by
We have also taken a normalization r φ = 1. This expression can be obtained following the calculation procedure explained above. Since we have already found geodesics and the coordinates adapted to it, as summarized in section V C 1, there is an alternative method to derive N and also the entire part of the transport equation (105). In this method, we assume the field variables are given by
whereḡ ab ,φ are the background solutions and Θ(x 0 ) is a step function. The above g ab and φ correctly give discontinuities in their second derivatives at x 0 = 0 as prescribed by Eq. (104). The transport equation (105) With the aid of computer algebra, we can follow this alternative procedure to find the transport equation of Π(u, η α )
to be given by
where N is given by Eq. (133), and the other coefficients turn out to be
Then, the transport equation takes the form of Eq. (110) once the parameter s along the bicharacteristic curve is introduced following (109) as
Now let us assume A < 0 for definiteness, which implies A x < 0 and |A x | > |A y |. Then Eq. (134) becomes
, and also e −Φ appearing in the general solution of Π(s) (111) is calculated as
This quantity diverges for s → s * − as ∝ (s * − s)
This quantity diverges for s → s * −, hence the denominator of Π(s) given by Eq. (111) can be zero at finite s = s 0 (such that 0 < s 0 < s * ) no matter how small |Π(0)| is. Hence, Π(s) can diverge and the shock formation occurs at s = s 0 for an arbitrarily small Π(0) in this example. Assuming that N e −Φ is well approximated by Eq. (144), s 0 may be estimated as follows. Using Eq. (144) the integral in the denominator of (111) is estimated as
If this approximation is valid, s 0 will be approximated by
The approximation used in Eq. (144) Before closing this section, we briefly examine conditions to realize N = 0. If K and G n satisfy
at X = 0, N vanishes at any u hence shock due to the nonlinear effect does not form. The scalar DBI model coupled
) and also the canonical scalar (K ∝ X, G 3 = G 5 = 0) with general G 4 (X) satisfy this condition, while it is not satisfied in more generic theories. For example, the pure Galileon coupled to GR
does not satisfy (147) and makes N a nonzero function of u unless a 3 = a 5 A = 0. Also, the DBI Galileon
with a 2 , a 4 , c = 0 does not satisfy (147) and it results in nonzero N given by
D. Shock formation on two-dimensionally maximally-symmetric dynamical solutions
We now focus on another example of simple background solutions, in which spacetime is dynamical and has twodimensional angular part that is maximally symmetric. Wave propagation on such solutions have been studied in Refs. [55, 66] in the context of the Gauss-Bonnet gravity in higher dimensions and a scalar-tensor theory with a scalar field coupled to gravity non-minimally.
We first summarize basics of these solutions in section V D 1. It turns out that gravitational wave on these solutions can be studied without specifying the background explicitly if the wave front is parallel to background symmetry direction. We summarize the results for such gravitational wave in section V D 2. We will find that the gravitational wave is free from shock formation in this case, which is the same behavior as the gravitational wave on the plane wave background.
For the scalar field wave, we need more careful analysis as shown in section V D 3. Based on the procedure in this section, we study homogeneous isotropic solutions, which we simply call the FRW universe in this work, in section V D 4. We find that basic properties of the solution shown in Ref. [7] , such as propagation speeds, are correctly reproduced from our analysis. Then we study properties of shock formation on this solution. Last, in section V D 5 we look at another simple example, that is static spherically-symmetric solutions and waves with spherically-symmetric wave front on them. We will see that theories other than the scalar DBI model typically suffer from shock formation, even in the limit to treat the scalar field as a probe field on flat spacetime.
In section V C for the plane wave solution, we firstly clarified the structure of geodesics on a characteristic surface and then derived the full expression of the transport equation (139). Based on this expression, we gave an estimate (146) on the time parameter s on the bicharacteristic curve at which the shock formation occurs. In the following sections, we skip deriving geodesics and the full expression of the transport equation, and evaluate only the coefficient of the nonlinear term N in the transport equation. As we argued based on the general solution of Π(s) (111), it is guaranteed that shock formation occurs for sufficiently large Π(0) when N is nonzero, assuming that K µ is a regular non-vanishing function and M is regular as well. To follow this argument, we need to know the expressions of all of K µ , M and N in principle. However, without knowing the precise expressions of K µ and M, we may still say that shock formation based on (111) does not occur if N identically vanishes, and also we may expect that shock would form if N = 0 assuming K µ and M satisfies the above-mentioned properties. In the following, we take this attitude and check whether N vanishes or not, understanding that nonzero N suggests shock formation to occur while it is avoided when N = 0.
Two-dimensionally maximally-symmetric dynamical solutions
Solutions with metric whose two-dimensional spatial part is maximally symmetric can be expressed in general as
where x A = τ, χ and γ αβ is the metric of the two-dimensional subspace with constant curvature k = 0, ±1 spanned by x α . Non-vanishing components of the curvature tensor of this solution ares given by
Also the nonzero components of φ |ab are given by
We can evaluate the principal symbol and the quantities appearing in N using these formula. Below, we focus on wave whose wave front shares the same symmetry as background spacetime, that is, we assume that the wave front is given by a χ-constant surface and ξ µ has only (τ, χ) components. For example, plane wave in flat FRW universe and wave with spherically-symmetric wave front around a spherically-symmetric dynamical star fulfill such an assumption.
This assumption enable us to work out the characteristic analysis for the tensor modes without specifying explicit form of the background solution, and it is the main target in section V D 2. For the scalar mode, to simplify the analysis summarized in section V D 3, we will consider two explicit examples of background solutions that satisfy the above assumption. The first one is plane wave propagating on homogeneous isotropic solutions (Fig. 3a) , and the second one is wave with spherically-symmetric wave front on spherically-symmetric static background solutions (Fig. 3b) , which are studied in sections V D 4 and V D 5, respectively.
Gravitational wave
Characteristic surfaces on the background (151) can be found by solving the eigenvalue equation (68) following the procedure of section IV A. To accomplish it for gravitational wave, we focus on a vector given by r = (r ab , r φ ) = (r where r
ab is a traceless tensor which has components only in the angular directions, that is, r (T) AB = 0. By explicit calculations, we can check that this vector is actually an eigenvector ofR as follows. The scalar and mixed parts of R vanish for this vector, hence only the metric part shown in appendix D 2 remains nontrivial and is given by
hence we haveR · r = λ r with
From this expression, we find that characteristics are determined by
where the expression in the curly brackets is the effective metric for gravitational wave on the background (151). Propagation speed of the gravitational wave can be read out from the effective metric (158). When the background solution is homogeneous and isotropic, the propagation speed c T = |ξ τ /ξ χ | in the frame for which φ = φ(τ ) coincides with that shown in [7] , which is given by c T = F T /G T with
Let us check if shock formation could occur for gravitational wave (155) by evaluating the coefficient N in the discontinuity transport equation. The only term that could be nonzero is r ab r cd r ef ∂ ∂g ef,0
given by Eq. (E3), which
b3 . However, r (T) is a traceless tensor living in the two-dimensional angular part of the spacetime and then Eq. (E3), which involves three r (T) tensors contracted with a single generalized Kronecker delta, identically vanishes. Hence N is zero and shock formation does not occur for gravitational wave on the background (151).
Scalar field wave
Next, we study wave that involves the scalar field and examine if it suffers from shock formation. Recent studies about a probe scalar field on flat background clarified that shock generically forms in the Horndeski theory while it is avoided in the DBI-Galileon theory [68] [69] [70] . We re-examine these results using our formalism for transport of discontinuity in second derivatives of fields.
The first step is to find a characteristic surface and an eigenmode corresponding to scalar field wave. On the background (151) and for wave that inherits the symmetry of the background, we may assume the eigenvector r has a structure given by r = (r ab , r φ ),
where r φ , r η and r γ are functions of τ, χ. The term involving ξ A ξ B is the gauge part added so that r satisfies the transverse condition (63) . For the ansatz (160), we may parameterize the eigenvector by (r η , r γ , r φ ), and then the eigenvalue equation (68) should have three eigenvalues in general. Plugging the ansatz (160) into (68), we can confirm that two eigenvalues are proportional to ξ 2 and another one is a nontrivial function of ξ. This nontrivial eigenvalue corresponds to a physical scalar mode propagating on the characteristic surface, and the propagation speed is given in terms of ξ as c S = |ξ τ /ξ χ |. Expression of the nontrivial eigenvalue and eigenvector are generically lengthy and not illuminating. There are some cases in which their expressions become simple and N can be calculated explicitly. We examine such cases realized for simple background solutions below.
Shock formation in FRW universe
Based on the ansatz (151), a solution describing homogeneous and isotropic universe is realized by
where τ in this case is the conformal time from which a standard time coordinate may be defined by dt = a(τ )dτ .
We will use the Hubble parameter in terms of t, H(t) ≡ a ,t /a, and also the notationφ ≡ φ ,t and X =φ 2 /2 below. tt and χχ components of the background equation of motion (44) give the modified Friedmann equations
Properties of the background solution (161) and its perturbations are studied by Ref. [7] . Particularly, propagation speed of the scalar mode is given by c S = F S /G S , where
This c S coincides with the propagation speed obtained from the eigenvalue obtained above once the Friedmann equations (162), (163) are imposed. Expressions of the propagation speed and the eigenvector r become lengthy in general. One exception is the case discussed in section V B 2, where G 3,4,5 are constants while K(X) is kept general. In this case it follows that (r ab , r φ ) = (0, r φ ), c
and also we can check that N = 0 is achieved by the scalar DBI model coupled to GR, as we have seen in section V B 2. For general K(X) and G n (X), the propagation speed and the eigenvector takes more complicated form. A case that gives relatively simple c S and r is when
where λ, c, a 4 ,c are constants that satisfies c =c. 11 In this case, using the Friedmann equations (162), (163) we can simplify the propagation speed and the eigenvector as
and we can check that N identically vanishes in this case. Other choices of G 4 such as G 4 ∝ (1 + X) −1/2 typically result in N = 0. Hence, it seems that the choice (166) is special among other choices of K(X) and G 4 (X) in the sense that it leads to a cosmological solution free from shock formation. For other choices of K(X) and G n (X), N becomes nonzero generically. For example, a choice given by K = G 5 = 0 with constant G 4 and general G 3 (X) results in
where Eqs. (162) and (163) are used to simplify the expressions. Using them, N is calculated as
For a generic choice of G 3 , this expression does not vanish unlessφ = 0 and hence shock would form. In principle, we can find G 3 (X) that realizes N = 0 by equating Eq. (169) with zero and solving it as an ODE for G 3 (X). It seems difficult to obtain a closed form of G 3 (X) obtained in this way. Also it can be confirmed that N does not vanish for some simple choices such as G 3 ∝ log(1 + c X) and (1 + c X) n with integer n.
Shock formation on spherically-symmetric static solutions
Another example of a simple solution described by (151) is a spherically-symmetric static solution
where γ αβ is taken as the metric on S 2 with unit radius. The metric functions and the scalar field in Eq. 170 are fixed by integrating tt and θθ components of the metric equation (44) and the scalar equation (49) regarding them as second-order ODEs on f (χ), ρ(χ) and φ(χ). The rr component of the metric equation is given by f, ρ, φ and their first derivatives, and it can be regarded as a constraint on the variables. Below, we use the above second-order equations of motion to eliminate second derivatives of background fields from various expressions. An eigenvector can be parameterized as (160) even in this case. Also, as argued in section V B 2, the k-essence coupled with GR is an example for which various quantities are easily derived. In this case, the eigenvector is given by (r η , r γ , r φ ) ∝ (0, 0, 1), and the propagation speed is given by
which is the reciprocal of the propagation speed in the FRW universe [92] . N in this case is given by (121), and the scalar DBI model turns out to be the unique theory other than the canonical scalar field that makes N vanishing. N does not vanish for a generic choice of G n (X), as it was the case of the FRW universe background. In that case, there was a nontrivial example (166) that realizes N = 0. Let us check if the shock formation could occur for this 11 When c =c, F S and G S vanishes and then the quadratic Lagrangian for scalar perturbation shown in [7] vanishes identically, which indicates that the theory is in the strong coupling regime. 12 To deal with this case, we need to solveP · r = 0 directly rather than Eq. (65) which is normalized with respect to K X . choice (166) when the background is spherically symmetric and static. In this case, using the background equations we can show that
We can check that propagation speeds of the modes propagating in the positive and negative r directions coincide with each other. Using these expressions we can confirm that N does not vanish in this case. Hence, the theory with (166) suffers from shock formation on a spherically-symmetric static background realized within this theory, contrarily to the case of the FRW universe background. Other choices such as K = G 5 = 0 with constant G 4 and generic G 3 give nonzero N . We can also check what happens when the scalar field is treated as a probe field and its gravitational backreaction is neglected. In this case, the background spacetime becomes flat (f = 1, ρ = χ), and the background scalar field is determined by the scalar equation (49) . The principal symbol and N are given by their pure scalar part evaluated with a flat metric, and using these expressions we can find a characteristic surface and check if shock formation could occur on it. For the k-essence model, the propagation speed is given by (171) and N = 0 is realized only for the scalar DBI model. For other models in which only one of the arbitrary functions G 3,4 (X) is non-zero, propagation speeds are given by 
In the pure G 5 model, the scalar field equation becomes trivial for any static configuration of φ(χ). Hence, a discontinuity in second derivative added at the initial time can remain static unlikely to the other cases where such a discontinuity propagates at finite speed. In the pure G 3 theory, N does not vanish for a generic choice of the arbitrary function G 3 (X). We can still find some exceptions for which N vanishes on nontrivial backgrounds, such as G 4 ∝ √ c + X and G 4 ∝ (1 + X) 2 , where the former corresponds to the example (166) in which the metric part of the theory is taken into account.
VI. SUMMARY AND DISCUSSION
In this paper, we studied properties of wave propagation and causality defined by it, and also of the shock formation process in scalar-tensor theories. For these studies we especially focused on the Horndeski theory, which is the most general scalar-tensor theory with one scalar field whose Euler-Lagrange equation is up to second order in derivatives, and its generalization with two scalar fields developed in [21] , which we called the bi-Horndeski theory in this work. The latter theory reduces to the former and also to the generalized multi-Galileon theory by setting the arbitrary functions appropriately, as shown in appendix B.
About the wave propagation, in section II we showed that characteristic surfaces in the bi-Horndeski theory are not null in general, that is, propagation speeds of gravitational wave and scalar field wave can be faster or slower than the light speed defined by physical metric. We also showed that a Killing horizon in this theory is not a causal edge in general, hence there may be superluminal modes that can propagate across a Killing horizon. However, it turned out that such propagation across a Killing horizon is prohibited if the scalar fields share the Killing symmetry 13 Instead of deriving propagation speed on spherically-symmetric static background, we could derive it for simple wave solutions by imposing φ,ττ φ,χχ − φ,τχ 2 = 0 and taking the ratio of eigenvalues of the kinetic matrix of the theory following [70] . This method gives c S 2 = n G nX / n G nX + 2XG nXX in the pure Gn model for n = 2, 3, 4 regarding G 2 = K, and the kinetic matrix vanishes identically in the pure G 5 model. This propagation speed is the one measured in the frame comoving with φ where the gradient of φ is aligned to the time coordinate. When the gradient of φ is spacelike, the propagation speed is given by its reciprocal as shown in Eq. (171).
on the horizon. These properties may be regarded as natural generalizations of those found for scalar-tensor theories with a non-minimally coupled scalar field studied in Ref. [66] . In [93] the causal structure in Einstein-aether and Hořava-Lifshitz theories were studied, and it was noticed that the universal horizon, which acts as the causal edge for any mode, is orthogonal to the background vector field in those theories. This property seems similar to that found in this work if the gradient of the background scalar field is identified as such a vector field. It would be interesting to examine this possible correspondence and its implications.
We also studied wave propagation and causal structure on a nontrivial background taking the plane wave solution constructed by Ref. [67] as an example. This exact solution has a null direction to which waves of metric and scalar field propagate. We found that the causal cones for metric and scalar perturbations on this background form a nested set of cones that are aligned along the background null direction, as shown in Fig. 2 of section IV. As long as a the background solution is regular, there will be a characteristic cone with the largest but finite opening, which will define the causality on this background solution.
In section V, we focused on another phenomenon associated with wave propagation, that is, the shock formation caused by nonlinear self interaction of waves. For this purpose, we generalized the formalism of [57] for the transport of discontinuity in second derivatives of the metric in Lovelock theories to the Horndeski theory with shift symmetry in the scalar field. It turned out that the k-essence coupled to GR can be studied without specifying the background solution using this formalism, and the results are summarized in section V B 2. For this class of theory, we found that shock may form for scalar field wave while not for gravitational wave. We have also shown that, Among the theories described by the k-essence, the scalar DBI model besides the canonical scalar field turned out to be the unique nontrivial theory that is free from shock formation. Such a property was found by previous works [68] [69] [70] 89] for simple waves of a probe scalar field on flat spacetime. Our result implies that this property persists even on nontrivial background that involves non-vanishing scalar field and spacetime curvature.
To study properties of the shock formation on various backgrounds, we focused on the plane wave solution and also dynamical solutions in which two-dimensional angular part of the spacetime is maximally symmetric in sections V C and V D, respectively. On the plane wave background studied in section V C, we found that shock formation does not occur for wave propagating in the background null direction, while it occurs for the scalar field wave propagating in the opposite direction. The gravitational wave, however, does not suffer from shock formation even when it is propagating in this direction. On the two-dimensionally maximally-symmetric dynamical solutions, we studied waves whose wave front is aligned to the background symmetry direction in section V D. It turned out that shock formation occurs for scalar field wave in general, while it does not for gravitational wave. Taking some typical background solutions such as the FRW solutions and spherically-symmetric static solutions, we examined conditions for shock formation. We found that theories other than the scalar DBI model generically suffer from shock formation on these backgrounds.
In any example studied in this work, the propagation modes corresponding to gravitational wave were always free from shock formation. If this feature persists on any background solution, we may conclude that the gravitational wave in this class of theory is more well-behaved compared to the scalar field, which typically suffers from shock formation. On the other hand, if we could find some background solutions or nontrivial shape of wavefront for which shock formation occurs even for gravitational wave, it might give interesting implications to gravitational wave observations which was realized recently [73] . Such studies on shock formation in gravitational wave with nontrivial wave front on nontrivial background would be one possible future extension of this work.
There are some other open issues and future directions related to this work. First one is about the time evolution after shock formation. When a shock forms, the derivatives of fields diverge there and the theory would break down unless higher-order corrections to the theory ameliorate the singular behavior, or unless we accept such a field configuration as a weak solution of the theory. Also, a shock formation would correspond to a naked singularity formation unless it is covered by an event horizon or resolved by corrections to the theory, as argued in [57, 69] . It would be interesting to study time evolution after shock formation by taking higher-order corrections into account or by regarding a shock as a weak solution. Next one is about extending the analysis in this work to more general theories. In this work we used the shift-symmetric Horndeski theory for a single scalar field in the analysis of shock formation just for simplicity, although it is desirable to conduct the study using more broader class of theories. It would be fruitful to extend the shock formation analysis, and also the analysis on wave propagation, for the biHorndeski theory and other more general theories mentioned in section I. Last, the phenomena discussed in this work could be important in time evolution that involves nonlinear dynamics of gravity and scalar fields. Investigations on wave propagation and shock formation in scalar-tensor theories with such nonlinear dynamics might provide useful implications in the context of cosmology and astrophysics. 
and F is defined as
Scalar field equations
The scalar field equations for the most general bi-scalar-tensor theory are given by
and the coefficient functions appearing in Q I are defined as
Generalized multi-Galileon theory
The Lagrangian of the generalized multi-Galileon theory is given as 
where G 2 , G 3I , G 4 and G 5I are arbitrary functions of φ I and X IJ , and G ab is the Einstein tensor. The functions G 3I ,JK , G 4,IJ,KL , G 5I,JK and G 5I,JK,LM must be totally symmetric in all of their indices, I, J, K, L and M in order for the field equations to be of second order. We can move from the the most general bi-scalar-tensor theory to the generalized multi-Galileon theory by setting the functions as (see Ref. [21] for details)
Horndeski theory
The Lagrangian of the Horndeski theory is written as 
We can move from the the most general bi-scalar-tensor theory to the Horndeski theory by setting the functions as
Appendix C: Integrability conditions for equations of motion
As we discussed in section II B and also in [21] , we need to impose integrability conditions to the equations of motion of the bi-Horndeski theory summarized in appendix A, in order to guarantee the existence of Lagrangian that gives these equations of motion. The integrability conditions are summarized as
where the equations of motion of the bi-Horndeski theory have the structure
Applying the method of [28] to these equations, we can derive the integrability conditions as E ab;cd,ef − E cd;ab,ef = 0 (C3) E ab;cd,e + E cd;ab,e − 2∂ f E cd;ab,ef = 0 (C4) E ab;cd − E cd;ab + ∂ e E cd;ab,e − ∂ f E cd;ab,ef = 0 (C5) 
The condition (C3) is a part of the so-called invariance identity following from covariance of the theory, and has already been imposed on the equations of motion of the bi-Horndeski theory in [21] . The other equations above have not been imposed yet, and would give constraints to the arbitrary functions of the theory.
The mixed part between the metric and scalar parts is given by
Finally the scalar part is given by (where 
Expressions with non-contracted indices is obtained just by removing one of r a b from the expressions above.
Trace-reversed principal symbol
For the analysis in sections IV and V, we need also the trace-reversed expressions of the principal symbol defined byP
We summarize its expression below. Since the scalar part of it is the same as the above expressions, we show only the metric part. The pure metric part is given by .
(D20)
Appendix E: N of the shift-symmetric Horndeski theory
We summarize the explicit formula of N in the shift-symmetric Horndeski theory discussed in section V B 1. This quantity is derived by taking derivatives of the principal symbol obtained in section IV A and appendix D. In this appendix, we use the coordinate x 0 where ξ a = dx 0 a is a normal of a x 0 -constant surface. We also utilize the In this appendix, we show the explicit form of N on the plane wave solution, which can be obtained by plugging the background solution given in section IV B 1 into expressions in appendix E. We also need to use the expressions of the eigenvectors (88), (89) of the tensor and scalar modes to find N for each mode.
For the tensor mode r = (r (T) ab , 0), the only nontrivial term is (E3), but this term is zero for the plane wave solution since X = 0. Hence N = 0 for the tensor mode on the plane wave solution.
Let us move on to the scalar mode (89), whose eigenvector is given by r = (r ab , r φ ) = 2r n (a n b) , r φ ,r n = 2K X G 4
When this eigenvector is contracted with the generalized Kronecker delta multiplied by ξ a ξ b , it simplifies to (by dropping the ξ terms) r b a = r n a n b + b n a ωr n a b .
Below, we summarize the terms comprising N given in appendix E using the eigenvector given by (F1). It is useful to use the following formula for evaluation:
· ξ = g 0u = 1, ξ 2 = g 00 = −ω, n a = ω 2 a + ξ a , n · ξ = − ω 2 , φ |0 = ξ a φ |a = φ ξ · = φ .
First, we find that the pure metric terms and also the mixed terms proportional to r ab 2 r φ identically vanish: 
If we further assume that F in the metric is given by Eq. (125) and also φ = 0, we can introduce the metric (130) adapted to geodesics, with which we can evaluate Eq. (F11) more explicitly to arrive at Eq. (133) by setting r φ = 1.
